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Abstract
Divertor systems of fusion devices are exposed to intense heat loads from plasmas, which
degrade solid plasma-facing components. Fast liquid metal (LM) flow divertors may be more
advantageous for this purpose but have risk of piling due to intense magnetohydrodynamic
(MHD) drag. However, severe deceleration of the flow could be countered with the injection of
currents that are transverse to external magnetic fields, allowing to thrust the flow with j×B
(Lorentz) forces. Given that the injection of currents as an approach to propel LM-divertor flows
has remained experimentally understudied, this article focuses on the evaluation of j×B-thrust
and finding its drawbacks. j ×B-thrust was experimentally tested with free-surface-LM flows, a
vertical magnetic field and an externally applied current. Experiments were reviewed with a
theoretical model, showing agreement in the trends of theory and experiments. Full
3D-MHD-free-surface-flow simulations were also performed with FreeMHD and confirmed the
sensitivity to unstable flow behavior in LM systems when applying external currents.
Furthermore, excessive power requirements are expected for the implementation of j×B-thrust
at the reactor scale, making these systems inefficient for commercial devices. This paper
evidences that the simple operation of a LM-flow divertor with j ×B-thrust, without any of the
instabilities caused from reactor plasmas or parasitic currents, already presents intrinsic
challenges.
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1. Introduction

In magnetic-confinement-fusion devices, the divertor is a
plasma-facing component (PFC) that acts as an exhaust system
for excessive heat-flux loads from the plasma. These heat loads
were predicted to be ∼10MWm−2 without any fusion power
released, and it is expected to increase up to∼31MWm−2 for
ITER in H-mode operation [1]. These heat loads cause sur-
face degradation of solid PFCs, and could dramatically reduce
their lifetime to the order of hours [2]. Current designs of solid
PFCs require further developments to withstand such extreme
conditions.

LM-free-surface flows may address the aforementioned
shortcomings of solid PFCs as they offer: (1) higher heat-
transfer rates through convection and phase-change processes,
(2) immediate material replenishment after plasma disrup-
tions, (3) elimination of net-reshaping of the PFCs due to
plasma erosion and or redeposition [3], (4) potentially decreas-
ing the erosion lifetime requirements to ∼10 s–100 s as LMs
are constantly replenished [4, 5], among others. Nevertheless,
while the application of LMs in divertors and blankets is prom-
ising to handle the heat loads in future nuclear fusion reactors,
the present knowledge and applications of LM flows in these
environments is rather poor.

The concept of fast flows for divertors has been considered
previously for the design of a divertor in the Fusion Nuclear
Science Facility (FNSF) [6] and the Flowing LIquid Torus
(FLIT) [7]. However, none of these reports addressed the
methods to achieve the flow speeds required to avoid LM
overheating. Previous studies have proposed the application of
external currents to control LMflows, like theActive Radiative
Liquid LithiumDivertor concept [8], Magnetic Propulsion [9],
and divertorlets [10, 11]. However, this topic has remained
experimentally understudied, as only the operational principle
of the divertorlets concept has been tested. For the previous
reasons, it is necessary to experimentally test the applicabil-
ity of thrust-generation approaches in LM flows for divertor
solutions.

1.1. Critical flow speeds for heat exhaust

LM divertors could suffer excessive evaporation due to large
heat loads. Thus, the maximum permissible temperature of the
LM defines the heat flux q⊥ that could be exhausted by an LM-
PFC. The relation between the temperature of a free-surface-
LM flow and the heat flux can be established with a semi-
infinite slab model [12]. Figure 1 depicts a simplified diagram
of a LM slab flowing under a heat-flux load.

The heat-flux load q⊥ impinges on the free surface of the
liquid metal, either a neutron-wall load or the heat flux in the
divertor region. L is the distance along which the liquid metal
is exposed to the heat-flux load from the reactor plasma and

Figure 1. Schematic of plasma heat flux on flowing liquid metal.

v is the bulk speed of the liquid metal. If the thickness of the
LM flow is assumed to be larger than the thermal penetration

depth dth =
√

tk
c , where t is the exposure time of the LM to

q⊥, and c and k are heat capacity and thermal conductivity of
the LM, respectively, then the temperature increase ∆T(t) at
the free surface of the LM is approximated with equation (1)
[12]

∆T(t) = 2
q⊥
k

√
αt
π
. (1)

In equation (1), α is the thermal diffusivity of the LM. t can
be approximated as t= L

v . To avoid LM overheating/evapora-
tion, a critical LM-free-surface temperature increase ∆Tcr is
defined. The critical flow speed vcr is the required minimum
flow speed for the LM flow to avoid surpassing a critical tem-
perature increase ∆Tcr at a given heat-flux load

vcr =
4αL
π

(
q⊥

k∆Tcr

)2

. (2)

For ITER, L is approximated as 2λq, where λq corres-
ponds to the heat-fluxwidth, thus L∼ 0.5–5 cm [2, 13, 14]. For
the case of liquid lithium: ρ= 516 kgm−3, k= 45W (m·K)−1,
σ= 3.341MSm−1, µ= 0.5 · 10−3 Pa·s, c= 4169 J (kg·K)−1

[15]. With the aforementioned parameters, the critical speed
for a linear-flow divertor configuration of liquid lithium is
vcr ∼ 1–20m s−1. Other LMs like tin, lithium, tin-lithium
eutectic mixtures, and gallium would require speeds of the
same order of magnitude and a flow thickness of 1–20mm
[4, 16, 17].
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Figure 2. Top view of a sample cassette arrangement in a divertor
of a tokamak.

The 1–20m s−1 speed range corresponds to the ‘fast’ flow
operating regime. The difference between the fast and slow
regimes is that fast flows are intended to operate as the main
heat removal system, and slow flows are mainly for the protec-
tion of PFCs against erosion and they require a heat removal
system [7] for the solid substrate. The focus of this work is
fast LM flows for divertors and a potential method to over-
come issues related to magnetohydrodynamic (MHD) drag in
a reactor.

1.2. j ×B-thrust

Electrically conductive flows in divertors are subject to trans-
verse magnetic fields, which generates currents in the LM and
causesMHD drag in LM flows. This force decelerates the flow
and causes LM pileups. This issue is greatly exacerbated for
fast-flow PFCs as MHD drag∼(U×B)×B is proportional to
the velocity field U of the LM flow. Furthermore, MHD drag
forces could increase depending on the dimensions and elec-
trical conductivity of the boundaries around the LM flow.

However, MHD drag forces could be countered with the
application of external transverse electric currents that gen-
erate j×B thrust [3, 14] on a free-surface-liquid-metal flow
(FSLMF). This mechanism may also be applied to oppose any
j×B forces created by plasma currents. By taking advant-
age of the ‘cassette’ configuration for divertors of ITER-like
reactors [18] and the surface-normal magnetic field Bn, a
potential solution is the use of electrodes on either side of
these cassettes, and passing electric currents across the flow
(see figure 2).

For reactor operation, the j ×B-thrust from external cur-
rents could be used to avoid LM pileups in the system. This
can be achieved by applying j ×B-thrust forces of the same
order of magnitude to the MHD-drag forces expected. The
application of far larger j ×B-thrust forces, while attractive
for fast flow concepts, may aggressively accelerate the liquid
and lead to hydraulic-jump-like discontinuities. Such jumps
are undesirable since they can significantly slow down the

flow and lead to the formation of hot spots due to abrupt
deformations in the shape of the free-surface. Additionally,
excessive acceleration of the flow may cause flow detachment
from the sidewalls of the cassette/chute, which would leave
portions of the substrate beneath the LM flow exposed to the
plasma.

According to the latter requirements for operation of LM
systems, ‘achieving j ×B-flow propulsion’ is defined for
purposes of this article as obtaining steady flows (with no
hydraulic-jump-like discontinuities and no flow detachment
from the side walls) along the section where an external trans-
verse current je is injected, and these flows must also show
increasing flow speed with increasing je at a constant Bn.

In order to analyze j ×B-thrust on FSLMFs, experiments
were performed with a vertically oriented magnetic field
(mimicking a surface-normal field Bn in a reactor) and trans-
versely injected electric currents on LMs. Tests were executed
using the Oroshhi-2 superconducting magnet of the National
Institute for Fusion Science (NIFS), with LM flows in the LM-
FRee-surface-Experiment (LMFREX) channel from Kyoto
University.

Two types of experiments were performed: j ×B-thrust
and j ×B-counterthrust. These tests allowed the imitation
of the magnetic field conditions of a reactor scenario and
the evaluation flow propulsion and counter-propulsion while
observing subsequent issues during operation. In this paper,
the setup used for experiments and diagnostics is described.
The results from experiments and a respective analysis for
each type of test, using equations of the shallow-free-surface-
flow model (SFSFM), are shown.

Finally, simulation results with a recently developed tool
called FreeMHD [19] are also shown for these tests, show-
ing agreement with the simplified analytical equations derived.
More experimental validation of FreeMHD is found here
[20]. The aim of this work is beyond finding the required
flow speeds to avoid overheating in LM-divertor systems.
It evaluates the implementation of j ×B-thrust as a mech-
anism for propulsion in LM flows under extreme MHD
drag forces, and it identifies its drawbacks at the reactor
scale.

2. Methodology

2.1. Experiments

All tests described were executed in the LMFREX channel of
Kyoto University (see figure 3(a)) [21, 22]. LMFREX is an
acrylic channel equippedwith a heater and thermocouple array
to study heat flux within MHD flows. The LMFREX channel
was brought to NIFS and was placed below the superconduct-
ing magnet of the Oroshhi-2 facility, in a region of approxim-
ately 40% of the core field strength (see figure 3(b)).

The Oroshhi-2 facility also has a LM-flow loop that runs
PbLi and FLiNaK in pipes or ducts through a 3 T supercon-
ducting magnet to study MHD effects on the flow [23, 24].
For experiments shown in this article, |Bn| had a maximum
of 1.4 T. As a note, |Bn| in the divertor region for an LM-
PFC would be smaller than 0.05|BT|. For the case of ITER,
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Figure 3. Data processing from laser sheet recording to a flow depth profile. (a) The LMFREX channel with wall electrodes. Notes: the
electrode test section is 8 cm wide, and 30 cm long. (b) Experimental setup showing camera and mirror array—the laser sheet used separate
mirrors shined vertically down. (c) Projection of laser-sheet (red line) on the LM free surface. Flow direction is from left to right. Frame
taken from a recording of an experiment with a hydraulic-jump-like behavior. Processed data for this experiment are shown in figure 3(d).
(d) Processed h-data from laser on figure 3(c). The dark-blue line represents the experimental measurement. The light-blue shading
represents the local variance for the measurement.

|Bn|< 0.1T, therefore MHD effects from surface-normal
fields were up to those found in ITER and beyond.

For the experiments performed, the liquid metal alloy com-
mercially known as galinstan (GaInSn) was used as the work-
ing fluid, (67% Ga, 20.5% In and 12.5% Sn). Properties
of galisntan are ρ= 6360 kgm−3, k = 296 W (m·K)−1,
σ = 3.1 MS m−1, µ = 0.0019 Pa·s, c= 366.5 J (kg·K)−1

[25, 26]. During experiments, argon gas was pumped inside
the LMFREX channel to prevent the oxidation of the LM. An
experimental j×B-pump was used to circulate the LM.

In particular, for some j ×B-thrust experiments, the LM
flow suffered flow detachment from the electrodes. Ensuring
full coverage of the bottom wall of the channel and full con-
tact with the electrodes was required during experiments for
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further analysis. To achieve this, the initial infill level of the
LMFREX channel was increased until this requirement was
met. As a note, depending on the infill level and the flow rate,
a pile of LM was generated as the outlet of the channel could
not evacuate enough flow, and the wall at the end of the chan-
nel acted as a flow barrier.

For the application of external currents in LMFREX, two
copper electrodes were installed on either side of the channel,
working as positive and negative electrodes. The electrodes
were 1/8

′′
thick × 1

′′
tall × 12

′′
long. The maximum height

of the LM surface was just below 2 cm during all experiments.
Each of the electrodes had a set of 15 wire connec-

tions spaced by 2 cm to ensure the uniformity of the injec-
ted electric current. Each of the 15 wires was connected to a
larger single cable. Experimental measurements showed that
each wire carried the same amount of current within a few per-
cent. The maximum total current applied during experiments
was 150A.

Flow depth measurements were performed with a laser
sheet incident on the surface of the LM. This diagnostic has
been used as a non-intrusive height measurement [27]. Due
to the large magnetic field strengths of the Oroshhi-2 super-
conducting magnet, the camera and laser sheet were kept at a
distance outside of the magnetic shield and operated through
viewing ports. A two-mirror setup was used to reflect the laser
sheet on the LM. A three-mirror setup allowed video record-
ings of the motion of the laser sheet with optical measure-
ments using a CCD camera far from the core of the magnet.
Figure 3(b) shows an representation of the mirror setups.

For all tests, there were two sections of the LMXFREX
channel, henceforth referred to as sections A and B, where
a laser sheet was projected upon the LM surface. Section A
was closer to the inlet and section B was closer to and out-
let of the LMFREX channel. The orientation of the laser-sheet
diagnostic is shown in figure 3(c), also with a sample ima-
ging of a hydraulic-jump-like behavior during an experiment
in figure 3(d). For clarification purposes, the flow direction is
‘from left to right’ in all figures shown.

The flow-depth measurements shown in this paper were
time-averaged from the laser-sheet data obtained. The shaded
areas behind each h-profile represent the error bars of the
respective profile. The magnitude of the error is determined
by the thickness laser-sheet projection on the free surface of
the LM flow. In general, this projection remained steady for
all experiments, except for those with hydraulic-jump-like dis-
continuities. The parameters that were varied between experi-
ment runs were: flow rate, magnetic field strength, externally
injected electric current, as well as the initial LM fill level.

2.2. Shallow-free-surface-flow model

The SFSFM is derived from simplifications shown in [28]. It
has been used to study hydraulic-jump experiments in narrow
channels [29] and to find critical heights of flows under trans-
verse magnetic fields [30]. A different formulation was used
to study the effect of viscous shear on free surface flows and
the generation of natural hydraulic-jump-like discontinuities
[31]. More recently, SFSFM was reformulated to understand

the effect of channel inclination on flows [32–35]. The spe-
cific approach followed in this article is presented in [36], with
variations added to describe j ×B-forces in the flow. The com-
plete derivation is in appendix A.

One of the main assumptions of the SFSFM model is
‘steady-state’ flows, which indeed sets a constraint on the
flow regime (laminar or turbulent) that is possible to analyze.
However, the reader is reminded that the SFSFM was used in
this article to describe either flows that were steady (determ-
ined by a steady free surface) or flows that were ‘quasi-steady’
(determined by waves on the surface whose amplitude does
not grow in time). The SFSFM is primarily used to study the
trends observed in experiments and to identify leading-order
body forces that govern the flow behavior.

2.3. Simulation setup

SFSFM may oversimplify the flow analysis in some cases. In
particular, the reduction to a single-dimension flow ignores
the presence of stream-wise components of the applied cur-
rent. The latter could cause three-dimensional behavior that
is impossible to describe through SFSFM. In order to study
such effects, 3D simulations were carried out using FreeMHD
[19], which is a solver developed in the framework of the
OpenFOAM CFD toolbox [37].

FreeMHD was previously validated with experiments
under different conditions that alter MHD drag forces in a LM
flow [20] subject to a toroidal magnetic field. For this work,
further validation of FreeMHD is shown for magnetic fields
normal to the free surface of the flow and externally applied
currents. For this purpose, different electrical currents were
applied to the LM flow (generating j×B-thrust and j×B-
counterthrust).

Indeed, j×B-counterthrust experiments are not relevant
to divertor scenarios. Nevertheless, FreeMHD is a recently
developed tool and validating this simulation code under dif-
ferent MHD conditions is necessary. Moreover, it improves
the reliability of the results when making projections at the
reactor scale with this tool. Details about governing equations
and boundary conditions used in FreeMHD are in appendix B.

3. Results and discussion

3.1. Analysis of experiments through SFSFM and simulations

SFSFM was used to analyze the evolution of the flow-depth
profile for experiments with different body forces. The solu-
tions were obtained by using the first data point (x1,h1) from
section A (see figure 3(d)), and iterating a value of λ1 at this
respective position such that the theoretical solution satisfies
the condition of the last data point of section A or a data point
in section B (x2,h2). The purpose of this analysis is to identify
the leading forces that determine the behavior of the flow under
externally applied currents.

Moreover, in order to validate FreeMHD solver for the
flows studied in this paper, 3D simulation results were com-
pared to experimental data and SFSFM. Notice that the height
of the LM surface was not fixed in all simulations shown in
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Figure 4. h-profiles for j×B-thrust experiments. Q= 0.7 Lmin−1

for all experiments shown. k= 0 for all plots shown. Dashed lines
represent the results from SFSFM, dots correspond to experimental
results. Shaded areas represent the error bars from experimental
measurements.

this section and that only the physical parameters of the LM,
channel geometry, flow rate Q, externally applied current I0
and magnetic field B were specified.

3.1.1. j ×B-counterthrust. Experimental results for three
different j ×B-counterthrust experiments are shown in
figure 4. The LM flow piled up near the inlet during the exper-
iments due to flow deceleration. Results from the momentum
equation are shown in figure 4 and the agreement with the
experiment data is observable. The velocity profile variation
andmagnitudes of the forces for one of the j ×B-counterthrust
experiments are shown in figure 5.

From figure 5(b), it is noticeable that the leading forces
are −∇p and je ×B, while all other forces could be con-
sidered negligible, at least for 0cm< x< 30cm, which is the
test section. Equation (3) shows this simplification, and it is
obtained after rewriting the force balance from equation (9)
while ignoring advection, MHD drag and viscous drag from
equation (10)

0≈−g∂h
∂x

+
jeB
ρ

⇒ ∂h
∂x

≈ jeB
ρg
. (3)

From the balance between hydrostatic pressure and je ×B,
it is clear that the flow-depth slope varies according to the
magnitude and sign of the external current density je. A ‘neg-
ative’ electric current was applied in the experiments shown
in figure 4, consistent with the negative slope obtained for
the h-profile in figure 5(a). 3D simulation results shown in
figure 5(a) are also in agreement with both experimental and
SFSFM results.

3.1.2. j ×B-thrust. Experimental results for three different
j ×B-thrust experiments are shown in figure 6. Results from
the momentum equation are also shown in figure 6 for each
respective experiment. The theoretical h-profiles in figure 6

were calculated while ensuring a continuous solution for λ
in the range shown for each plot. There is a disagreement
between the slopes of the h-profiles obtained from theoret-
ical plots and experimental results. As previously mentioned,
the experimental results are affected by the initial infill level
of liquid metal. Furthermore, 3D-effects from external and
induced currents were present during these experiments, and
they are not being considered in the SFSFM. This will be
addressed in section 3.2.

Moreover, the variation of the velocity profile and mag-
nitudes of the forces for the |Bn|= 0.103 T, I0 = 22A exper-
iment are shown in figure 7. In addition, a comparison with a
simulation result from FreeMHD shows agreement with res-
ults from experiments and SFSFM.

From figure 7(b), the leading-order forces are −∇p and
the je ×B for 0 cm< x< 30cm, and all other forces could
be considered negligible. Equation (4) shows this simplifica-
tion, and it is obtained after rewriting the force balance from
equation (9) while ignoring the advection, MHD drag and vis-
cous drag from equation (10)

0≈−g∂h
∂x

+
jeB
ρ

⇒ ∂h
∂x

≈ jeB
ρg
. (4)

The result in equation (4) indicates that the flow-depth slope
varies according to the magnitude and sign of the external cur-
rent density je. For the experiment shown in figure 6, a posit-
ive electric current was applied, confirming the positive slope
obtained for the h-profile.

In general, the j ×B-thrust experiments performed were
not able to show flow propulsion with the injection of external
currents. The experimental setup was sensitive to the paramet-
ers used to run experiments: initial infill of LM, magnetic field
intensity, external current applied, etc. Small initial infills of
LM in the channel lead to empty channel after the application
of j ×B-thrust. However, experiments with increased initial
infill forced the occurrence of hydraulic-jump-like discontinu-
ities, as the channel was not able to pump out enough LM.

3.1.3. Hydraulic-jump-like behavior. For j ×B-thrust exper-
iments with magnetic flux densities smaller than 0.3 T and cur-
rents above 60 A, a hydraulic-jump-like behavior was gener-
ated, and it depended mainly on the magnitude of the applied
current. Figure 8 illustrates the result of an experiment with
said phenomenon. As a note, the LM flow did not detach from
the side walls of the chute during the experiment. Moreover,
contrary to the positive-slope h-profiles shown for j ×B-
thrust experiments, tests with hydraulic-jump-like discontinu-
ities did show accelerating flows (decreasing depth of the flow)
before the discontinuity.

The nature of the ‘discontinuity’ in figure 8(a), is not com-
pletely captured by SFSFM. A first cause is the fact that not
enough LM was drained from the LMFREX channel during
the experiment, which caused a pile of LM near the outlet
and forced a hydraulic jump. A second cause is related to
three-dimensional effects of the injected current, as shown in
section 3.2 through FreeMHD simulations.

6



Nucl. Fusion 63 (2023) 096015 F. Saenz et al

Figure 5. j×B-counterthrust experiment. Q= 0.7 Lmin−1, I= 20 A, B= 0.61 T. (a) Height profile and velocity profile variations on
stream-wise direction. Note: black lines show the shape of the local velocity profile. Black vertical lines indicate the positions of the
velocity profiles shown. (b) Body forces and acceleration terms in the stream-wise direction.

Figure 6. h-profiles for j×B-thrust experiments. Q= 1.9 Lmin−1

for all experiments shown. Dashed lines represent the results from
SFSFM, dotted plots correspond to experimental results. Shaded
areas represent the error bars from experimental measurements.
k= 0 for all plots shown.

3.2. Three-dimensional effects of electric currents

3.2.1. Galinstan flows on an insulated substrate. One issue
observed during experiments was flow detachment from the
side walls, as shown in figure 9. This detachment was caused
either by excessive thrust on the LM flow, or due to fringing
effects of the applied current. Another issue observed was the
hydraulic-jump-like behavior, which was also generated by
these fringing currents. These two issues caused by fringing
currents were studied through FreeMHD simulations with the
inclusion of three-dimensional currents.

Figure 10 shows results from a FreeMHD simulation car-
ried out to analyze the effect of small initial infill levels on the
flow and the flow barrier at the end of the channel. Figure 10(a)
shows the fringing effect of the externally applied current
near the upstream (left) and downstream (right) edges of the
electrodes.

Given the direction of Bn (into the page), the j ×B force
near the upstream edges pinches the flow away from the elec-
trodes and towards the center line of the channel. This pinching
action eventually causes the film to detach from the electrodes
and form a rivulet-type flow (see figure 10(b)). Near the down-
stream edges of the electrodes, the fringing je has the oppos-
ite effect, pushing the liquid away from the center line of the
channel towards the side walls, consequently leaving portions
of the substrate uncovered by LM.

Once the flow detaches from both side walls near the
upstream (left) electrode edges, the conduction of the elec-
tric current is sensitive to the shape of the LM flow on the
x− y plane. The rivulet-type flow forces the current to be
carried in the stream-wise direction, and this generates a net
force that pushes the flow to one of the electrode walls (see
figure 10(c)). Finally, an unsteady flow was obtained, the flow
mainly attached to one electrode and left some sections of the
substrate uncovered by LM (see figure 10(d)).

As previously mentioned, flow detachment observed in ini-
tial j ×B-thrust experiments was eliminated by increasing the
initial infill of LM, which decreased the magnitude of je in the
LM, thus reducing the j ×B-pinch force near the edges of the
electrodes. Moreover, increasing the infill level also prevented
the channel from being excessively emptied by abrupt flow
propulsion and the exposure of the substrate beneath the LM
flow.

7
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Figure 7. j×B-thrust experiment: Q= 1.9 Lmin−1, I= 60A, |Bn|= 0.103 T. (a) Height profile and velocity profile variations on
stream-wise direction. Note: black lines show the shape of the local velocity profile. Black vertical lines indicate the positions of the
velocity profiles shown. (b) Body forces in stream-wise direction.

Figure 8. j×B-thrust experiment. Q= 1.9 Lmin−1, I= 120A,
|Bn|= 0.0821 T.

However, after increasing the initial infill level, the flow
either generated a pile of LM near the outlet of the channel
(which is caused by a balance between j ×B-thrust and−∇p,
as explained in section 3.1.2) or forced a hydraulic-jump-like
behavior. The latter occurred because the outlet of the channel
was not adequate to extract enough LM flow and prevent these
issues. Thus, flow propulsion was not experimentally proven.

In order to analyze possible flow propulsion with external
currents, simulations were performed to evaluate the effect of
an outlet that eliminated LM accumulation in the channel (see
figure 11). Rather than limiting the outflow rate to be equal
to the inflow, a boundary condition that allows the LM to
exit the domain freely as if it were falling off a waterfall was
used.

In figures 11(a) and (b), the result of je-fringing effects
is visible before the flow enters the region with electrodes

Figure 9. Experimental result for I0 = 60A, |Bn|= 0.103 T,
Q= 1.9 Lmin−1.

(x< 15 cm), as the flow is pinched away from the electrodes
towards the center of the channel. Also, even with an outlet
condition that prevents LM accumulation, there is a drastic
increase in the LM depth after the flow leaves the elec-
trode region (x> 45 cm, see figure 11(c)). While similar to a
hydraulic-jump-like behavior, the flow is simply being pushed
away from the center line of the channel due to je-fringing
effects. This behavior is not desired if a heat flux load is present
on the free surface of the LM flow, as it would fastly heat the
regions with thinner LM flow films.

Figure 11(c) also shows that an increasing je ×B-thrust
force did achieve flow propulsion without LM pileups and
jump discontinuities, as h decreased in themiddle of the region
with electrodes after increasing I0 from 10A to 20A. In order

8
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Figure 10. Simulation result for I0 = 60A, |Bn|= 0.103 T, Q= 1.9 Lmin−1. Note: black arrows in (a)–(c) represent the direction density
field of the injected current je. (a) Top view of the LMFREX channel during simulation showing fringing current density je. Note: the
black-arrow field indicates the direction of the externally applied current in the LM flow. (b) Top view of the LMFREX channel during
simulation showing flow detachment from side walls due to fringing effects of external current. Note: the black-arrow field indicates the
direction of the externally applied current in the LM flow. (c) Top view of the LMFREX channel during simulation anomalous conduction
of external current. Note: the black-arrow field indicates the direction of the externally applied current in the LM flow. (d) Bottom substrate
not covered by LM due to unsteady flow.

to confirm flow propulsion with je ×B-thrust and to avoid
je-fringing effects, more simulations were executed with an
insulating substrate for the bottom surface of the channel (see
figure 12). The electrodes for these simulations were as long
as the channel (0.6m).

3.2.2. j×B-thrust on lithium flows in an inclined magnetic
field. The analysis previously shown only accounted for
the effect of a surface-normal magnetic field. However, in a
realistic reactor environment, a toroidal magnetic field com-
ponent BT would also be present. To study the efficacy of
j×Bn-thrust under the influence of an inclined magnetic field,

simulations were carried out with |BT|= 1 T and |Bn|= 0.1 T,
as shown in figure 13.

The relative magnitudes of the horizontal and surface-
normal components were chosen to mimic those found in the
divertor region. To avoid undesirable fringing current effects
from previous sections (see figure 10(a)), the electrodes were
extended along the entire length of the channel in all simula-
tions shown in this section. Additionally, the operating liquid
metal was changed to liquid lithium, as it is more desirable for
reactor operation.

Figure 13(a) shows that flow propulsion was achieved
with I0 = 50 A in an electrically-insulated substrate. However,
in figure 13(b), it is shown how an accelerating flow due

9
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Figure 10. (Continued.)

to je ×B-thrust suffers from induced stream-wise currents,
which push the liquid to one side of the channel. This adverse
side effect is the result of a flow-velocity stream-wise gradients
caused by the acceleration of the flow, which consequently
creates a gradient in the U×B field and in the electric
potential.

The latter effect is undesirable for reactor operation as
it could lead to flow detachment and the instabilities previ-
ously mentioned and shown in figure 10. These can poten-
tially expose the solid substrate to the plasma and cause surface
degradation. Moreover, an inclined LM surface may be differ-
entially heated by the impinging plasma, accelerating evapor-
ation or reducing its ability to protect the underlying substrate.

The performance of a liquid-lithum system with an
electrically-conductive substrate was also evaluated. The
material of the substrate was tungsten, as it is desirable for
fusion applications. Results from simulations are shown in

figure 14. Overall, there is no significant difference between
the flows obtained with different injected currents I0 = 0
A and I0 = 50 A, as most of the externally applied cur-
rent is carried through the substrate and not through the
LM (σW = 16MSm−1, σLi = 3.43MSm−1). Flow propulsion
with external currents is not achievable for lithium flows with
substrates made of materials more electrically conductive than
the LM itself. Moreover, electrically conductive boundaries
enhance MHD drag in LM flows [38], decelerating the flow
even further.

3.3. Reactor-scale operation

3.3.1. Power requirements for the implementation of j ×B-
thrust. A LM-divertor system could be designed such
that the flow follows the field lines, hence minimizing the
magnitude of the surface-normal field Bn. However, this

10
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Figure 11. Simulation results for flow with insulated substrate, |Bn| = 0.103 T and Q= 1.9 Lmin−1. (a) Simulation result for I0 = 10 A. h
is augmented by a factor of 5. (b) Simulation result for I0 = 20 A. h is augmented by a factor of 10. (c) h-profiles.

implies that higher currents would be required to apply
je ×Bn−thrust. Moreover, MHD drag from the toroidal
field BT of a fusion device is unavoidable if chutes are
installed in the divertor-cassette configuration. For operation

at the reactor scale, j ×B-thrust could be aimed to be of
the same order of magnitude as the expected MHD-drag
forces from the total magnetic field B= BT +Bn fields,
meaning |je ×Bn| ≈ |σ(E+U×B)×B|, where U is the

11
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Figure 12. h-profiles with j ×B-thrust (I0 = 20 A, |Bn| = 0.103 T)
from simulation at different flow rates and non-conductive substrate.

velocity field and E is the electric field of the LM flow,
respectively .

The term |σ(E+U×B)×B| could be approximated as
∼ σCM|U||B|2 [38], where CM is a coefficient that takes into
account the dependence of the MHD drag force on the elec-
trical conductivity and thickness of the walls around the LM
flow. This estimate has been used previously to simplify the
analysis free surface flows [11, 39]. |U| is approximated as
|U| ∼ vcr (see equation (2)), which is a rough estimate of
the flow speed required to avoid evaporation of the LM [3].
Finally, after evaluating |BT| ≫ |Bn|, a rough approximation
of the required applied current density is shown in equation (5)

|je| ∼ σCM
4αL
π kρc

(
q⊥
∆Tcr

)2
|BT|2

|Bn|
. (5)

The calculation of the total electric current required to oper-
ate a LM system on the inner divertor target at the reactor scale
is made with equation (5). L= 5mm was chosen for the heat-
flux width in these calculations. For an ITER-reactor scale,
the total current I applied in a divertor target is estimated as
I∼ |je|hL0, with L0 ∼ 1 m being the length of the divertor tar-
get split into cassettes [18], and a thickness h∼ 1 cm for the
LM flow. The range CM < 0.1 is characteristic of LM flows
with insulated substrates based on approximations from [40].

Total power P is calculated as P= I2e,iRe,i+ I2e,oRe,o, where
Re,i, Re,o are the electrical resistances of the LM flow on the
inboard and outboard divertor targets. Ie,i, Ie,o are the total cur-
rents applied on the inner and outer divertor targets, respect-
ively. The total resistance of each target could be simpli-
fied assuming a single and continuous LM slab, thus Re,i =
2π(R0− 1

2 L0)
σhL0

and Re,o =
2π(R0+

1
2 L0)

σhL0
, with R0 as the major radius

of the reactor. Both inboard and outboard targets are assumed
to be of the same length L0. Finally, power requirements for
the inner divertor target are shown in figure 15.

Figures 15(a) and (b) show the toroidal and poloidal field
distribution on the cross section of ITER. These were used
as reference for calculations of power requirements. The
neighborhood of the divertor regions has |BT| ∼ 10 T for the

inboard target, and |BT| ∼ 6 T for the outboard target. |Bn| ∼
0.1 T or less for both targets.

From figures 15(c) and (d), it is noticeable that the power
required for operation of a fast-flow LM divertor is excess-
ive. Compared to the 500 MW power output expected from
a fusion device like DEMO [41], the inner LM-divertor tar-
get could require at least 20% of this power output (see
figure 15(c)), which does not even include the power require-
ments to pump the LM into the reactor.

Furthermore, figure 15(d) shows how the inboard LM-
divertor target could exceed the total power output expec-
ted by DEMO if |Bn| ≪ 0.1 T, which could be expected
according to figure 15(b). As a note, previous reports sug-
gest that LM systems for heat exhaust in divertors should
aim to require less than 5% of the total power output expec-
ted from a fusion device [10], primarily for economic viab-
ility, and this proposed approach is far from reaching this
goal.

As a reminder to the reader, a coefficient of CM < 0.1
was used for this calculation, which would imply the con-
struction of electrically insulated substrates for the LM flow.
Electrically conductivematerials in contact with the LMflows,
such as tungsten with wall thickness of a few millimeters,
would yieldCM > 0.1. The latter would greatly increase power
requirements for the operation of these systems. Additionally,
if the flow cassettes are made of materials with higher elec-
trical conductivity to that of the LM flow, they would take a
portion (if not all) of the injected electrical current to generate
j ×B-thrust in the LM flow. The latter would completely ruin
the method proposed in this article for countering MHD drag.

Furthermore, the previous calculations were made for
10MWm−2 < q⊥ < 31MWm−2, which corresponds to pre-
dictions for ITER [1]. However, heat loads will be more
demanding in future commercial fusion reactors. Thus, power
requirements are expected to increase [42] as faster flows
would be needed to avoid overheating of LMs. If higher flow
speeds during operation are desired, not only power require-
ments would increase, but attempting to thrust a flow with
j ×B-thrust could generate the same instabilities described in
section 3.2.

3.3.2. Instabilities from reactor plasmas. Further problem-
atics for a LM-flow system could be mentioned, mainly con-
cerning the angle of incidence of the heat-flux load. For
instance, the angle of incidence between the free surface of
the LM flow at the divertor targets and the magnetic field B
of ITER should be at most 3◦ (4.5◦ if the toroidal bevel is
included) to avoid excessive heat deposition on the system
from q∥. However, any ripple at the free surface of the LM
flow at the divertor would significantly increase the angle of
incidence, which would lead to intense overheating of the LM
and subsequent evaporation.

Following the discussion on the issues caused by ripples
that free surface of the LM flow in the divertor, one should
consider that the plasma above the LM flow in the diver-
tor would create a velocity shear at the free-surface and
cause Kelvin–Helmholtz instabilities [43]. This would either
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Figure 13. Simulation results for lithium flow with insulated substrate, |BT| = 1T and |Bn| = 0.1 T, Q= 2Lmin−1. (a) h-profiles with
insulating substrate at different external currents I0. Note: the profiles shown correspond to the plane at the center of the width of the
channel. (b) Stream-wise currents for I0 = 50A. h is increased by a factor of 10.

create waves on the LM free surface or enhance the amp-
litude of the existing ones. Overall, the angle of incidence
is not expected to be easily controlled on these type of
flows.

In spite of this, LM evaporation is not desired as it would
introduce impurities into the plasma core. However, it could
be acceptable for liquid lithium as it would operate with the
vapor shieldingmechanism,which has been proven to be bene-
ficial to avoid overheating on PFCs exposed to heat loads
[44]. Nevertheless, leaving liquid lithium as the only altern-
ative for a LM-divertor system already constrains the design
options.

3.3.3. Alternatives for LM-flow divertors. Even though this
paper presents a pessimistic revision of the j ×B-thrust
approach, there is room for improvements for chute flows in
divertors. The main problematic is the source of MHD drag
for divertor LM flows, which is proportional to BT, while the
source of j ×B-thrust is proportional to Bn ∼ Bp. One could
take advantage of externally injected currents that are paral-
lel (or anti-parallel, depending on the direction of the flow) to
Bn. The latter would generate a source of thrust that is pro-
portional the toroidal magnetic field BT, which would yield
much faster flow with smaller power requirements compared
to those in figure 15. The method to apply these currents in
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Figure 14. Simulation results with a tungsten substrate with tw = 1/8 in, |BT| = 1 T and |Bn| = 0.1 T, Q= 2 Lmin−1. (a) h-profiles for
different external currents.

Figure 15. Projections at the reactor scale for a LM divertor with j ×B-thrust. (a) Toroidal field BT of ITER. (b) Poloidal field BP of ITER.
(c) Power requirements for both inboard and outboard LM-divertor targets with j ×B-thrust. Note: |BT|= 10 T, |Bn|= 0.1 T for the
inboard divertor, |BT|= 6 T, |Bn|= 0.1 T for the outboard divertor. (d) Power requirements for an inboard LM-divertor target with
j ×B-thrust. Note: |BT|= 10 T, CM = 0.05.

said flows, and the analysis on intrinsic challenges, are left for
future work.

It is worth mentioning alternate concepts that do not
encounter the concerns emphasized previously. Certainly,
operating in the ‘slow flow’ range (below 1m s−1) is use-
ful to guarantee stable free-surface flows with nearly neg-
ligible surface ripples and waves, and reduced ejection of
LM droplets into the reactor plasma. Previous reports on the

capillary porous systems [45–47], the lithium metal infused
trenches (LiMIT) [48], FLiLi [49] and divertorlets [10, 11]
describe how these configurations attempt to handle high heat
loads while generating ‘nearly flat’ flow surfaces. In particular,
the LiMIT and divertorlets concepts have a ‘pumping force’
that is proportional to the toroidal magnetic field, which allows
them to operate with small power requirements compared to
those in figure 15.
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4. Conclusions

This work presented the results of experiments of FSLMFs
subject to different conditions. Experimental results were ana-
lyzed with a reformulation of the SFSFM. Similar trends were
found between experiment data and calculations from the
simplified momentum equation from the SFSFM. Moreover,
three-dimensional effects of electric currents were analyzed
with FreeMHD simulations. The same trends of the SFSFM
and experiments were obtained, which validated the applicab-
ility of FreeMHD to simulate these scenarios.

j ×B-thrust was not proven experimentally since the outlet
of the LMFREX channel caused LM accumulation. However,
FreeMHD simulations were used to analyze the effect of an
outlet condition that eliminates LM accumulation in the chan-
nel. These simulations showed that j ×B-thrust is capable of
accelerating the flow, but could yield flow detachment from
the side walls of the channel due to fringing currents, which
would imply an exposed solid substrate to heat loads from
fusion plasmas.

Additionally, FreeMHD simulations were also performed
to study the effect of insulated and conductive substrates on
LM-fast-flow divertors. Insulated substrates allowed the flow
to accelerate while pushing the flow to one side wall of the
chute, which is not desirable for reactor operation. In the case
of a conductive substrate, a tungsten chute not only ruined
the application of external currents in the LM flow, but also
enhanced MHD drag, which did not allow achieving flow
propulsion.

With regard to power requirements for LM-fast-flow diver-
tors with electrically insulated substrates, these systems are
inefficient if thrust is expected by means of the surface-normal
field Bn. Furthermore, electrically conductive substrates are
more inefficient, since they carry a portion of the injected cur-
rent for Lorentz-foce propulsion and also enhance MHD drag
forces on the LM flows.

Countering MHD drag forces in LM-divertors with j ×B-
thrust is far from being commercially attractive for fusion
reactors. Furthermore, the main function of LM systems in
fusion reactors is to avoid direct contact of fusion plasmas with
solid components, a function that has been shown to be put at
risk when applying j ×B-thrust.

This paper showed that the j×B-thrust approach is intrins-
ically unstable, even without the instabilities in LM flows
already known to be caused by reactor plasmas. Future work
for this method may involve the application of currents to gen-
erate thrust with the toroidal magnetic field inside a reactor.
Moreover, further research may be focused on slow-speed LM
concepts that do not encounter all the problems inherent to the
j×B-thrust approach.
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Appendix A. Shallow free-surface flow model with
Lorentz forces

A.1. Navier Stokes equations

Consider a steady-state flow field with two components: U=
(u,0,w), u being the longitudinal component (stream-wise dir-
ection, x-direction), and w being the vertical component (in
the z-direction). Incompressible flow with mass continuity is
assumed:∇·U= 0. All forces are assumed to be applied in the
stream-wise direction, parallel to the u-component. The gov-
erning equations are as follows:

∂u
∂x

+
∂w
∂z

=0

ρ(U ·∇)u=−∂p
∂x

+(j×B)x+µ∇2u

 . (6)

SFSFM proposes the separation of variables for u= vf,
where v is the local average flow speed v=

´ h
0 udz and

f(η,λ) = aη+ bη2 + cη3; η = z/h. h is the local flow depth
and λ is a parameter that evaluates the stream-wise variation
of the velocity profile. The inclusion of f allows the evaluation
of viscous forces for this 1D model [32].

The parameter a is set to be a= λ+ 3 as done previously in
literature. The parameter λ determines where a flow separation
or a discontinuity could occur, and the choice of a= λ+ 3 has
no effect on the flow behavior, it simply changes the value of λ
where a discontinuity occurs. The parameters b and c are found
with mass continuity:

´ 1
0 fdη = 1, and zero-stress at the free

boundary: ∂f
∂η

∣∣∣
η=1

= 0 [36]. The final solution of f is shown in
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Figure 16. Velocity profile variation along y and z directions.

equation (7). The shape of f for different values of λ is shown
in figure 16

f(η,λ) = (3+λ)η+
1
2
(5λ+ 3)η2 − 4

3
λη3. (7)

A.2. Hydrostatic pressure

The pressure field is assumed to be hydrostatic: p= pa+
ρg(h− z). pa is the pressure generated by the gas on top of the
LM flow. If pa is assumed to be invariant during experiments,
then ∂p

∂x = ρg∂h
∂x .

A.3. Lorentz forces

Furthermore, the electric currents in the LM could be con-
sidered as a superposition of an external current density je (the
one that is injected with the electrodes), and theMHD-induced
current ji = (E+U×B). je depends on the total current injec-
ted in the LM and the consequent flow-depth profile.

Figure 17(a) shows the setup for current injection used for
calculations in COMSOL (finite element simulation solver):
15 wires connected at a single joint on each side, carrying the
current to the rectangular electrodes, simulating a configura-
tion similar to that of the experiments executed.

Figure 17(b) shows the variation of the flow-depth-average
current density profile. Calculations of current density pro-
files were perfomed with the Electric Currents module in
COMSOL [50], including the geometry of the LMFREX chan-
nel and the copper electrodes.

For figure 17(b), a generic flow-depth profile was used for
the calculation of je. It is observable that a variation of h along
the channel has an impact on the current density profile. The
simplification je ≈ jex̂ is applied since vertical variations (z-
direction) of the current density je are negligible. However, it
must be noted that there is a fringing effect for the conduction
of the injected current. Given that the injected current satis-
fies∇· je, other components for the current density are expec-
ted near the edges of the electrodes, causing different Lorentz
forces in the LM flow. This is further discussed in section 3.2.

For calculations of current density profiles, a flow-depth
profile was initially assumed and imported to COMSOL
[50]. The corresponding je-distribution would be calculated

Figure 17. Diagram of simulation setup and current density je for a
given h-profile in a galinstan flow. I0 = 60A. (a) Wires for current
injection, electrodes and LM slab. (b) Height-average current
density je.

accordingly and used in the SFSFM to find the resulting flow
depth profile. This procedure was repeated until reaching an
agreement between resulting flow profiles and respective cur-
rent density distributions.

MHD drag force on a free-surface flow is approximated
as a fictitious pressure drop [40]. The formulas are derived
for closed-pipe-fully-developed flows, but their applicability
has been shown previously for free-surface flows with small
Hartmann numbers [39].

σ(ji ×B)x ∝−

(
∂p
∂x

)
MHD drag

=− µv
(h/2)2

PH

PH =
Ha2 tanhHa
Ha− tanhHa

− 3 Ha= |Bn|

(
h
2

)√
σ

µ

. (8)

A.4. Viscous forces

Viscous forces were simplified as µ∇2u≈ µ∂2u
∂z2 , as

∣∣∣∂2u
∂z2

∣∣∣≫∣∣∣∂2u
∂x2

∣∣∣, ∣∣∣∂2u
∂y2

∣∣∣, based on dimensional analysis [36]. Moreover,

free-surface-thin-film flows encounter turbulent fluctuations
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that enhances the eddy viscosity. As previously reported with
experimental results, the magnitude of flow depth in free
surface channel flows is not consistent with results from mod-
els that only include laminar viscous drag [32].

For the analysis of jump discontinuity-like experiments
exclusively, the viscosity was modeled as µ→ ρ(νL+ ντ )
[31–33], where νL is the kinematic fluid viscosity and ντ
is the kinematic eddy viscosity. ντ is modeled with a mix-
ing length lm, according to Prandtl’s mixing-length theory
[28, 51–53].

Since flow depths h during experiments were smaller than
the flow width W, the expression of the eddy viscosity could

be further simplified as ντ = l2m

∣∣∣∂u∂z ∣∣∣. The magnitude of the

mixing length varies across the flow depth [51, 54]. For this
reason, an average magnitude for the kinematic eddy viscos-
ity is considered to further simplify the model, thus ντ ≈ k2q,
with k= 0.05 (k should not be confused with the Von Kármán
constant). In general, the SFSFM is sensitive to initial condi-
tions, so k was used to find a solution that is continuous for
all variables in the x-domain (a discontinuity is caused when
λ= 7/2 or h= 0 [36]).

A.5. Governing equations

Substituting all the previous simplifications for the body forces
in equation (6) and dividing both sides by ρ, equation (9) is
obtained. After substituting the equation for mass continuity
in the momentum equation, and height-averaging both sides,
equation (10) is obtained. G is defined as G(λ) =

´ 1
0 f

2dη,
and q= QW−1, v= qh−1, where Q is the volumetric flow
rate

∂u
∂x

+
∂w
∂z

= 0

u
∂u
∂x

+w
∂u
∂z

=−g∂h
∂x

+
jeB
ρ

− 4νLh
−2vPH +(νL+ ντ )

∂2u
∂z2y
(9)

v
∂(Gv)
∂x︸ ︷︷ ︸

(U·∇)u

=−g∂h
∂x︸ ︷︷ ︸

∇p/ρ

+
jeB
ρ︸︷︷︸

je×B/ρ

+−4νLh
−2vPH︸ ︷︷ ︸

ji×B/ρ

+(νL+ k2q)h−2v

(
∂f
∂η

)∣∣∣∣∣
η=0︸ ︷︷ ︸

ν ∂2u
∂z2

. (10)

Equation (10) has two dependent variables v and λ, thus
two governing equations are required. The governing equation
for λ is derived by expanding the v∂(Gv)∂x term as v∂(Gv)∂x =

v2 ∂G∂λ
∂λ
∂x +

1
2G

∂(v2)
∂x , which is shown in equation (11).

∂λ

∂x
=

1

v2 ∂G
∂λ

[
− 1

2
G(λ,η)∂xv

2 − g
∂h
∂x

+
jeB
ρ

+−4νLh
−2vPH + · · ·

+(νL+ k2q)h−2v

(
∂f
∂η

)∣∣∣∣∣
η=0

]
. (11)

The governing equation for h is obtained by evaluating
equation (9) at z= 0. Due to the no-slip condition at z= 0,
(U ·∇)u= 0 and a solution for ∂h

∂x is found. Since this model
is not solving for the 3D-MHD-induced currents that are
induced in the LM, the term (j×B)x could be simplified by
just considering the externally applied current je. The evol-
ution of h is then dictated by equation (12). Solutions for
equations (11) and (12) were computed using a 4th-order
Runge–Kutta scheme

∂h
∂x

= g−1

{
jeB
ρ

+ qh−3(νL+ k2q)

(
∂2f
∂η2

)∣∣∣∣∣
z=0

}
. (12)

Appendix B. Governing equations and boundary
conditions on FreeMHD

Assuming an incompressible two-phase flow, the continuity
and momentum equations read:

∇·U= 0 (13)

∂ρU
∂t

+∇· (ρU⊗U) =−∇p+∇·
[
µ(∇U+∇UT)

]
+ J×B+Fst, (14)

where ⊗ represents the tensor product, µ is the dynamic vis-
cosity and Fst is the surface tension force. The immiscible
liquid and gas phases are modeled using the volume of fluid
method, where the volume fraction, αi ∈ [0,1], is used to
indicate the fraction of a computational cell that is occupied
by the liquid. The interface between the liquid and gas is the
iso-surface of α= 0.5, which is captured using the MULES
scheme [55]. A physical property of the fluidmixture in a com-
putational cell, ψi, such as density, viscosity, or electrical con-
ductivity is consequently computed using ψi = ψlαi +(1−
αi)ψg where ψl and ψg are the values for the liquid and gas
phases, respectively. The surface tension force is calculated
using the continuum surface force model, such that:

Fst = σst∇·
[
∇αi
|∇αi|

]
∇αi, (15)

where σst is the surface tension coefficient.
Since the magnetic Reynolds number Rm ∼ σµ0UW≪ 1

for all flows studied in this work, the induced magnetic field
is negligible and the electrical field can be described in terms
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of the electric scalar potential ϕ. The electric current density
is thus computed with equation (16)

J= σ(−∇ϕ +U×B). (16)

Using charge conservation, ∇· J, and equation (16) the
electric scalar potential is computed by solving the following
Poisson equation:

∇· (σ∇ϕ) =∇· (σU×B). (17)

To account for the effect of electrically conductive bound-
aries, a conjugate solution strategy is employed where
equation (17) is solved both in the fluid and solid regions of
the domain. Using charge conservation and the no-slip con-
dition for velocity, the boundary condition for ϕ at the fluid–
solid interface is derived by enforcing the continuity of the
boundary-normal electric current density:

[J ·n]f = [J ·n]s (18)

where ·f and ·s denote the fluid and solid sides of the interface,
respectively. Consequently, the boundary condition on ϕ reads
as follows: [

σ
∂ϕ

∂n

]
f

=

[
σ
∂ϕ

∂n

]
s

, (19)

which reduces to the homogeneous Neumann boundary con-
dition at electrically insulating boundaries. At boundaries
through which an external electric current is injected, the
boundary condition simply reads

∂ϕ

∂n
=

I0
σA

(20)

where I0 is the externally applied current, A is the surface
area of the boundary and σ is the electrical conductivity of
the LM. Assuming no electric current can enter or exit the
domain through inlets and outlets, their boundary condition
for the electric scalar potential is in equation (21):

∂ϕ

∂n
= (σU×B) ·n. (21)
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